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1. Introduction
Friedmann and Schouten [1] ﬁrst introduced the concept of a semi-symmetric
metric connection in 1924. In this and the next section we give a brief rec-
ollection of the concepts of Riemannian Manifold theory and Section 3 deals
with semi-symmetric metric connections to establish the notation. We follow
closely the treatment in [ 2,3]. Section 4 introduces the idea of a projective
curvature tensor with respect to a semi-symmetric metric connection.
Let M be a C∞ Riemannian manifold of dimension n ≥ 3 with a positive
deﬁnite metric tensor g(0,2). In what follows M always stands for such a
manifold and X,Y,Z are C∞ vectorﬁelds , unless otherwise stated. A linear
992 Y. B. Maralbhavi and G. Muniraja
connection on M is a rule ∇ which assigns to each vector ﬁeld X on M a linear
mapping ∇X satisfying
(i)∇fX+gY = f∇X + g∇Y(1.1)
(1.2)
where f, g are C∞ functions on M . ∇X is called covariant diﬀerentiation
with respect to X. In what follows all the functions are also assumed to be C∞
unless speciﬁed otherwise.
For vector ﬁelds X, Y on M the torsion tensor ﬁeld T of the connection ∇
is deﬁned by
T (X, Y ) = ∇X(Y )−∇Y (X)− [X, Y ](1.3)
The curvature tensor R is deﬁned by
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z(1.4)
A linear connection on (M, g) is called a metric connection if,for any vector
ﬁeld X, it satisﬁes the condition:
∇Xg = 0(1.5)
A Riemannian connection ∇ on (M, g) is a metric connection satisfying the
following properties:
(i) ∇X(Y )−∇Y (X) = [X, Y ](1.6)
(1.7)
The curvature tensor R satisﬁes the following identities:
R(X, Y )Z = −R(Y,X)Z(1.8)
R(X, Y )Z + R(Y, Z)X + R(Z,X)Y = 0(1.9)
(∇XR)(Y, Z)U + (∇Y R)(Z,X)U + (∇ZR)(X, Y )U = 0(1.10)
The last two equations are called the ﬁrst and second Bianchi identities re-
spectively.
We also deﬁne
R(X, Y, Z, U) = g(R(X, Y )Z, U)(1.11)
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R so deﬁned is called the Riemann-Christoﬀel curvature tensor of the ﬁrst
kind and is a tensor of the type (0,4).
The Ricci tensor is deﬁned as
S(Y, Z) = (C11R)(Y, Z) =
n∑
i=1
R(Ei, Y, Z, Ei)(1.12)
where Ei, i = 1.....n are orthonormal vector ﬁelds on M. Here C denotes the
usual contraction of tensors. Ricci tensor is a tensor ﬁeld of type of (0,2)
and is symmetric, that is, S(X, Y ) = S(Y,X). The scalar curvature of the
Riemannian manifold (M,g) is deﬁned by
r =
n∑
i=1
S(Ei, Ei)(1.13)
A Riemannian manifold is said to be ﬂat if
R ≡ 0(1.14)
on M
A Riemannian manifold M is said to be an Einstein manifold if
S(X, Y ) ≡ μg(X, Y )(1.15)
on M,where μ is a scalar function on M.
Let X, Y ∈ TpM at a point p ∈ M . Let γ be the plane spanned by X,Y.
Then the sectional curvature w.r.t. the section γ is deﬁned by
k(γ) = − R(X, Y,X, Y )
g(X,X)g(Y, Y )− g(X, Y )2(1.16)
Sectional curvature k(γ) is uniquely determined by the section γ and is
independent of the vectors X, Y in the section. If the sectional curvature k(γ)
is a constant for all sections γ at each point of M, then M is said to be a space
of constant curvature. This follows from [2]
Theorem 1.1. (Schur’s Theorem): If at each point p of a Riemannian
manifold M the sectional curvature is independent of the section chosen then
M is a space of constant curvature
If M is a space of constant curvature , then we have
R(X, Y )Z = k[g(Y, Z)X − g(X,Z)Y ](1.17)
for any vector ﬁelds X,Y,Z on M and k is a constant.
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2. Conformal Curvature Tensor
Let M be a Riemannian manifold admitting two metric tensors g and g such
that g = e2ρg, where ρ is a function on M. Then g is said to be a conformal
transformation of g and M is said to be a conformal manifold. The Weyl
conformal curvature tensor of a Riemannian manifold M is deﬁned by
C(X, Y )Z = R(X, Y )Z) + λ(Y, Z)X − λ(X,Z)Y + g(Y, Z)L(X)− g(X,Z)L(Y )
(2.1)
where
λ(X, Y ) = −S(X, Y )
(n− 2) +
rg(X, Y )
2(n− 1)(n− 2)(2.2)
and L(X)is deﬁned by
λ(X, Y ) = g(L(X), Y )(2.3)
If M is a conformal manifold then
C = C(2.4)
where C and C are conformal curvature tensors w.r.t. metrics g and g re-
spectively. A Riemannian manifold M (n ≥ 4) is said to be conformally ﬂat
if
C ≡ 0(2.5)
on M. Further we state the following theorems here [2]:
Theorem 2.1. A ﬂat Riemannian manifold is conformally ﬂat
Theorem 2.2. A Riemannian manﬁold of constant curvature is conformally
ﬂat
Theorem 2.3. An Einstein manifold conformal to a ﬂat manifold is of con-
stant curvature
3. Semi-symmetric Metric Connections
Let M be a given manifold with a Riemannian connection ∇. A linear con-
nection ∇ is said to be semi-symmetric if the torsion tensor T of the connection
∇ satisﬁes
T = π(Y )X − π(X)Y(3.1)
where X,Y are vector ﬁelds on M and π is a 1-form on M. If ∇ further
satisﬁes the condition
∇Xg = 0(3.2)
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then ∇ is called a semi-symmetric metric connection(s.s.m.c.) [1,3]. Yano[4]
obtained a relationship between the semi-symmetric metric connection ∇ and
the Riemannian connection ∇ which is given by
∇XY = ∇XY + π(Y )X − g(X, Y )P(3.3)
where P is a vector ﬁeld given by
g(X,P ) = π(X)(3.4)
The curvature tensor of the s.s.m.c. is deﬁned as
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z(3.5)
A relation between R and R was obtained by Yano[ 4 ] given by
R(X, Y )Z = R(X, Y )Z − α(Y, Z)X + α(X,Z)Y − g(Y, Z)AX + g(X,Z)AY
(3.6)
for any vector ﬁelds X,Y and Z where α is a tensor ﬁeld of type (0,2) deﬁned
by
α(X, Y ) = (∇Xπ)(Y )− π(X)π(Y ) + 1
2
π(P )g(X, Y )(3.7)
and A is a tensor ﬁeld of type (1,1) deﬁned by
g(AX, Y ) = α(X, Y ).(3.8)
Note that
R(X, Y )Z = −R(Y,X)Z(3.9)
The Ricci tensor S and scalar curvature r w.r.t. the s.s.m.c are deﬁned
analogous to those of the Riemannian connection :
S(X, Y ) = (C11R)(Y, Z) =
n∑
i=1
R(Ei, Y, Z, Ei)(3.10)
r =
n∑
i=1
S(Ei, Ei)(3.11)
where Ei, i = 1.....n are orthonormal vector ﬁelds on M.
Yano [ 4 ] proved the following important existence theorem :
Theorem 3.1. In order that a Riemannian manifold admits a semi-symmetric
metric connection whose curvature tensor vanishes, it is necessary and suﬃ-
cient that the Riemannian manifold is conformally ﬂat.
Assuming the 1-form π closed i.e. dπ = 0 we proved the following results [
5 ]
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Theorem 3.2. Let (M,g) be a Riemannian manifold admitting a s.s.m.c. Then
the Ricci tensor w.r.t. the s.s.m.c is symmetric iﬀ the 1-form π is closed on
M
Theorem 3.3. Let (M,g) be a Riemannian manifold admitting a s.s.m.c and
the 1-form π closed. Then we have:
(i)R(X, Y )Z + R(Y, Z)X + R(Z,X)Y = 0
(ii)R(X, Y, Z, U) = R(Z, U,X, Y )
Let (M,g) be a Riemannian manifold admitting a s.s.m.c ∇ and the 1-form
π be closed. We deﬁne the sectional curvature w.r.t. ∇ for a section spanned
by vectors X,Y at a point p ∈M by
k = − R(X, Y,X, Y )
g(X, Y )g(Y, Y )− g(X, Y )2(3.12)
We have a deﬁnition:
Definition 3.4. A Riemannian manifold is said to be sectionally independent
if the sectional curvature k w.r.t.the s.s.m.c.is independent of the the section
chosen at each point of the manifold
The following result was obtained in [ 5 ]
Theorem 3.5. Generalized Schur’s Theorem Let (M,g) be a Riemannian
manifold admitting a s.s.m.c with the 1-form π is closed on M. If the sectional
curvature w.r.t. the s.s.m.c. is independent of the section chosen at each point
of M then M is not necessarily a space of constant curvature w.r.t. the s.s.m.c.
Definition 3.6. Let M be a Riemannian manifold admitting a s.s.m.c. M is
said to be an Einstein manifold w.r.t. the s.s.m.c. if
S(X, Y ) = μg(X, Y )(3.13)
for any vector ﬁelds X,Y where μ is a scalar function on M.
Clearly S is symmetric. Hence from Thm.3.2 the 1-form π is closed.
In [ 5 ] we proved the following
Theorem 3.7. If M is an Einstein manifold w.r.t. a s.s.m.c. then M is
conformally ﬂat if and only if M is sectionally independent.
4. Projective Curvature Tensor with respect to a Semi-symmetric
Metric Connection
Let (M, g) be a Riemannian manifold admitting a s.s.m.c. ∇. We deﬁne the
projective curvature tensor P w.r.t. the s.s.m.c. ∇ by
P (X, Y )Z = R(X, Y )Z − 1
n− 1[S(Y, Z)X − S(X,Z)Y ](4.1)
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Hence we have
P (Y,X)Z = R(Y,X)Z − 1
n−1 [S(X,Z)Y − S(Y, Z)X]
=−P (X, Y )Z
Also it is easy to check that
C11(P )(Y, Z) = 0 and if π is closed then C
1
3 (P )(X, Y ) = 0
Let π be closed. Then we have
P (X, Y )Z + P (Y, Z)X + P (Z,X)Y
=R(X, Y )Z − 1
n−1 [S(X,Z)Y − S(Y, Z)X] + R(Y, Z)X − 1n−1 [S(Z,X)Y −
S(Y,X)Z] + R(Z,X)Y − 1
n−1 [S(X, Y )Z − S(Z, Y )X]
= 0, by Theorems 3.2 and 3.3.
Hence we have proved the
Theorem 4.1. Let (M,g) be a Riemannian manifold admitting a s.s.m.c.∇.
Then the projective curvature tensor P w.r.t. the s.s.m.c.satisﬁes the following
properties:
(i)P (X, Y )Z = −P (Y,X)Z
(ii) C11P )(Y, Z) = 0, and if π is closed then
(iii) C13P )(X, Y ) = 0
(iv)P (X, Y )Z + P (Y, Z)X + P (Z,X)Y = 0
.
We deﬁne a Riemannian manifold admitting a s.s.m.c. to be projectively
ﬂat if
P (X, Y )Z = 0,(4.2)
for any choice of vector ﬁelds X,Y,Z on M.
We also prove the following
Theorem 4.2. Let (M,g) be a Einstein manifold admitting a s.s.m.c.∇. Then
M is projectively ﬂat w.r.t. the s.s.m.c if and only if M is sectionally indepen-
dent
Proof : Given M is an Einstein manifold w.r.t. the s.s.m.c.. Let M be
projectively ﬂat w.r.t. the s.s.m.c.. Then from ( 4.1 ), (4.2) and (3.13) we have
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R(X, Y )Z = 1
n−1 [S(Y, Z)X − S(X,Z)Y ]
= μ
n−1 [g(Y, Z)X − g(X,Z)Y ]
and hence by deﬁnition M is sectionally independent.
Conversely, let M be sectionally independent. Then
R(X, Y )Z = k[g(Y, Z)X − g(X,Z)Y ](4.3)
where k is the sectional curvature w.r.t. the s.s.m.c.. Contracting w.r.t. X
and using (1.10 ) we have
S(Y, Z) = k(n− 1)g(Y, Z)
Substituting in (4.3 ) and noting that μ = k(n− 1) we get
R(X, Y )Z = 1
n−1 [μg(Y, Z)X − μg(X,Z)Y ]
= 1
n−1 [S(Y, Z)X − S(X,Z)Y ]
From ( 4.1) we obtain
P (X, Y )Z = 0
From Theorems ( 3.7 ) and ( 4.2 ) we immediately have the following
Theorem 4.3. If M is an Einstein manifold w.r.t. a s.s.m.c., then M is
projectively ﬂat w.r.t. to the s.s.m.c. if and only if M is a conformally ﬂat
manifold.
For a diﬀerent approach to the projective curvature tensor w.r.t. a s.s.m.c.
see ref [6,7].
References
[1] A.Friedmann, J.A.Schouten, Uber die Geometrie der halbsymmetrischen
uber tragung, Math.Zeitschr., 21(1924), 211-223
[2] B.B.Sinha, An introduction to Modern Diﬀerential Geometry, Kalyani
Publishers, New Delhi, 1982.
[3] T.Imai, Note on semi-symmetric metric connection I, Tensor, N.S., 24
(1972), 293-296.
Semi-symmetric metric connections 999
[4] K.Yano, On semi-symmetric metric connections, Rev.Roum.Math.Pures
et Appl., 15 (1970), 1579-1586.
[5] G.Muniraja, Manifolds admitting a semi-symmetric metric and a gener-
alization of Schur’s Theorem, Int.J.Contemp.Math. Sciences., 3(2008), 1223-
1232
[6] Z.Peibiao, Some properties of projective semi-symmetric connections,
Int.Math.Forum., 3(2008), 341-347
[7] Z.Peibiao and S.Hongzao, An invariant of the projective semi-symmetric
connection, Chi.Quar.J.Math., 17(2001), 48-52
Received: August, 2009
